Droplets on a liquid-immersed solid surface are key elements in many applications, such as high-throughput chemical analysis and droplet-templated porous materials. Such surface droplets dissolve when the surrounding liquid is undersaturated and the dissolution process is usually treated analogous to a sessile droplet evaporating in air. Typically, theoretical models predict the mass loss rate of dissolving droplets as a function of droplet geometrical factors (radius, constant angle), and droplet material properties (diffusion constant and densities), where the thickness of the surrounding liquid layer is neglected. Here, we investigate, both numerically and theoretically, the effect of the thickness of the surrounding liquid layer on the lifetime of dissolving surface droplets. We perform 3D lattice Boltzmann simulations and find that the lifetime is proportional to the thickness of the liquid layer. We propose a theoretical model based on a quasistatic diffusion equation which confirms the numerical results. Our results offer insight to the fundamental understanding of dissolving surface droplets and can provide valuable guidelines for the design of devices where the droplet lifetime is of importance.
I. INTRODUCTION
Droplets on a substrate immersed in a liquid film have practical implications for a wide range of applications from biomolecular analysis and chemical reactions in microfluidic devices to high-resolution imaging techniques [1] [2] [3] [4] . Such surface droplets can be produced by the solvent exchange method [5, 6] , microprinting [7] , emulsion direct adsorption [8] and others [9] .
If the surrounding liquid is undersaturated with droplet liquid, the droplets dissolve. The dissolution process of surface droplets is similar to the dissolution of surface bubbles [10, 11] and the evaporation of sessile droplets [12] . There are two physical mechanisms that can affect the dissolution rate of a surface droplet. The first mechanism is the rate at which liquid molecules cross the droplet interface. The second mechanism is the transport of the droplet liquid away from the droplet surface in the surrounding liquid. Normally, the transfer rate of liquid molecules across the interface is much faster than the diffusion rate of the liquid [12] .
Thus, the dissolution rate of the droplet is dominated by the diffusion of droplet liquid into the surrounding environment. The diffusion of droplet liquid is driven by the gradient of the droplet liquid in the surrounding liquid, and the time-dependent density of droplet liquid in the surrounding liquid follows the unsteady diffusion equation, known as Fick's second law
where D is the diffusion constant for droplet liquid in surrounding liquid and ρ 1 is the density of the droplet liquid. Here, we denote the droplet liquid as liquid 1 and the surrounding liquid as liquid 2. Due to dissolution, the volume of the drop decreases until it is fully dissolved. We assume that the convective transport of liquid 1 induced by the density difference between liquid 1 and liquid 2 is negligible. The diffusion timescale is characterized by
where R is the base radius of the droplets, as shown in Fig. 1 . The dissolution timescale can be expressed as t ds ∼ ρ 1 /(ρ s − ρ top )t df , where ρ s is the saturation density of liquid 1 near the droplet surface and ρ top is the density of liquid 1 in the ambient air. The ratio between the dissolution timescale and diffusion timescale t ds /t df ∼ ρ 1 /(ρ s − ρ top ) is typically much larger than 10 2 . Therefore, the time-dependent term in Eq. (1) can be neglected and the density of liquid 1 follows a quasi-steady diffusion equation D∇ 2 ρ 1 = 0. For the dissolution of droplet arrays, as shown in Fig. 1 , the boundary conditions are: i) the density of liquid 1 equals the saturation density along the droplet surface, ρ 1,r k =R = ρ s , where r k is the local radial coordinate of droplet k ; ii) the liquid density at the liquid-air interface is the liquid density in the ambient air, ρ 1,z=Lz = ρ top ; iii) the substrate is impermeable, ∂ρ/∂z = 0 along the substrate. There is no analytical solution available for the unsteady diffusion equation or even the quasistatic diffusion equation with the above boundary conditions.
In the case where the liquid layer thickness L z is much larger than the droplet height, L z /h → ∞, and the inter-distance of droplets is much larger than the droplet base radius, L/R → ∞, the system can be treated like a single dissolving surface droplet, which is analogous to a sessile droplet evaporating in an open air environment. During evaporation of a droplet, the quasistatic diffusion equation for the concentration field ρ, ∇ 2 ρ = 0 is then used to predict the evaporation rate along the surface of the droplet [13] [14] [15] . The boundary conditions become: i) the density of liquid 1 equals the saturation density along the droplet surface, ρ = ρ s ; ii) the liquid density far away from the droplet is ρ ∞ ; iii) the substrate is impermeable, ∂ρ/∂z = 0 along the substrate. Assuming the effect of gravity can be neglected, the droplet takes a spherical cap shape dominated by surface tension. In this case, the evaporation flux J = −D∇ρ is analogous to the electric potential distribution around a charged lens-shaped conductor and an analytical solution was derived by Lebedev [16] .
Popov [15] used this analytical solution and obtained the total mass flux by integrating the evaporation flux over the droplet surface,
where θ is the contact angle of the droplet.
Dietrich et al. [7, 17] applied the quasistatic diffusion approach and Eq. (2) to study the dissolution of single and multiple 1-heptanol or 3-heptanol surface droplets in a container filled with undersaturated water. They find good agreement between experimental data and the above equation in the limit where the surrounding water is still highly undersaturated after all the droplets are dissolved [7, 17, 18] . However, different from evaporating droplets in an open air environment, the surrounding liquid film during dissolution of surface droplets can be saturated while the surface droplets are still present. Then, the dissolution rate of the droplets is determined by the diffusion rate of their liquid in the liquid environment and the distance the droplet liquid has to travel to reach the ambient air (see Fig. 1 ). In this case, the total mass flux is determined by integrating the diffusive flux along the free surface where the liquid meets the ambient air. Thus, the layer thickness of the surrounding liquid The maximum height of the droplets is denoted by h and the radius of their footprint is R.
L is the center to center distance between neighboring droplets.
is expected to play an important role on the lifetime of dissolving surface droplets.
In the remainder of this paper, we numerically investigate the effect of the layer thickness on the lifetime of dissolving surface droplets. We carry out 3D lattice Boltzmann simulations with a diffusion dominated dissolution model. A substrate is located at the bottom of the system and a surface droplet is deposited on the substrate covered by another liquid layer of thickness L z . Periodic boundary conditions are applied at the sides of the system, to mimic an infinite system with uniformly distributed droplets. We initially saturate the liquid layer and then apply the dissolution boundary condition at the top of the system.
Different modes of contact line dynamics during dissolution such as constant angle (CA) and
constant radius (CR) modes are studied. We find that the droplet lifetime is proportional to the layer thicknesses L z . The simulations are accompanied by a theoretical analysis based on a quasistatic diffusion equation which confirms the simulation result.
II. SIMULATION METHOD
Our simulations are based on the lattice Boltzmann method (LBM) which can be seen as an alternative way to approximate solutions of the Navier-Stokes equations [19] and which was demonstrated to be a powerful tool to simulate multiphase/multicomponent fluids [19] [20] [21] . We use the pdeudopotential multicomponent LBM proposed by Shan and Chen [20] , which has been successfully applied to a wide range of multiphase/multicomponent flow problems during the past two decades [22] . A number of groups have simulated problems related to the diffusion or evaporation of fluids using the LBM recently. Ledesma-Aguilar et al. [23, 24] present a diffusion based evaporation method based on the free energy multiphase lattice Boltzmann method and demonstrate quantitative agreement with several benchmark cases as well as qualitative agreement with experiments involving evaporating droplet arrays. Jansen et al. [25] study the evaporation of droplets on a chemically patterned substrate and qualitatively compare the simulation results with experimental data.
Our group recently applied the LBM together with the multicomponent method of Shan and Chen successfully to study the evaporation of a planar film, a floating droplet, a sessile droplet, and a colloidal suspension droplet [26, 27] . In the following we review some details of the method and refer the reader to the relevant literature for a more detailed description and our implementation [21, [26] [27] [28] [29] [30] [31] [32] .
In our implementation, two fluid components c = 1, 2 follow the evolution of their individual distribution functions discretized in space and time,
where i = 1, ..., 19. f c i (x, t) are the single-particle distribution functions for each fluid component and e i is the discrete velocity in the ith direction. τ c is the relaxation time for component c. We define the macroscopic densities and velocities for each component as
respectively. Here, f eq i is a second-order equilibrium distribution function [33] , defined as
ω i is a coefficient depending on the direction: ω 0 = 1/3 for the zero velocity, ω 1,...,6 = 1/18 for the six nearest neighbors and ω 7,...,18 = 1/36 for the nearest neighbors in diagonal direction.
∆t is the speed of sound. When sufficient lattice symmetry is guaranteed, the Navier-Stokes equations can be recovered from Eq. (3) on appropriate length and time scales [19] .
For convenience we choose the lattice constant ∆x, the timestep ∆t, the unit mass ρ 0 and the relaxation time τ c to be unity in the remainder of this article, which leads to a kinematic viscosity ν c = 1 6 in lattice units. We note that the conversion from lattice units to physical units can be performed e.g. by matching dimensionless numbers, such as the Reynolds number or the Schmidt number [34] .
Following the work of Shan and Chen [20] , we apply a mean-field interaction force
between fluid components c andc, in which g cc is a constant interaction parameter. Here,
Inspired by the work of Huang et al., an interaction force is introduced between the fluid and the substrate [35] ,
where g wc is a constant. Here, s(x + e i ) = 1 if x + e i is a solid lattice site, and s(x + e i ) = 0
otherwise. An approximate formula can be used to estimate the contact angle θ of a droplet on the substrate [35] :
The phase separation can be triggered by choosing a proper interaction parameter g cc in Eq. (5) . Each component separates into a denser majority phase of density ρ ma and a lighter minority phase of density ρ mi , respectively [20] . To simulate dissolution, we impose the distribution function of component c at the boundary sites x H as [26] 
in which u c H (x H , t) = 0. Furthermore, for simplicity, we ensure total mass conservation within the system by setting the density of componentc as
so that the distribution functions of componentc at the evaporation boundary sites x H become
where uc H (x H , t) = 0. When the imposed density ρ c H is lower than the equilibrium minority density ρ c mi , a density gradient develops in the lighter minority phase of component c. This gradient drives component c to diffuse towards the dissolution boundary. The dissolution is diffusion dominated and the diffusivity is given by [26] 
where Ψ c and Ψ c are the spatial derivative of Ψ c and Ψc, respectively. A similar approach was recently introduced by Ledesma-Aguilar et al. for a free energy lattice Boltzmann method [23] .
III. RESULTS AND DISCUSSION
We simulate an infinite array of immersed droplets on a substrate as depicted in Fig. 1 . A snapshot from a simulation of a 3D unit cell is shown in Fig. 2 . The system size is L×L×L z , where L = 256 and L z is chosen to be L z = 72, 144, 288, 576, respectively. We initialize the system with a droplet containing liquid 1 of density ρ 1 ma = 0.7 and liquid 2 of density ρ 2 mi = 0.04. The surrounding volume consists of liquid 2 of density ρ 2 ma = 0.7 and liquid 1 of density ρ 1 mi = 0.04. The droplet has an initial radius R 0 = 60 and an initial contact angle θ 0 = 90 • corresponding to an initial maximum height h 0 = 60. The interaction strength in Eq. (5) is chosen to be g 12 = 3.6 leading to a diffusivity D ≈ 0.12. Furthermore, periodic boundary conditions are applied at the sides of the system to mimic an infinite array of identical droplets. After equilibration, we impose the dissolution boundary condition at the top of the system to mimic the ambient air. Our dissolution boundary condition allow to set a constant density and a zero velocity at the top boundary [26] . The droplet liquid diffuses from the droplet to the dissolution boundary, gradually forming a density gradient. We note that we only apply dissolution boundary conditions at the top surface. Therefore, due to mass conservation the total diffusive flux integrated along the droplet surface is consistent with the corresponding total flux at the top surface. The measurement of the lifetime of the droplet is only started once the gradient is fully developed. We investigate the effect of layer thickness L z by varying only the system size in z direction and keeping all other parameters constant.
We start out our investigation with a dissolving droplet featuring a pinned contact line, immersed substrate (green) obtained from our simulations. The system size is 256 × 256 × 144. We apply the dissolution boundary at the top plane and periodic boundary conditions at the sides of the system. its surface. The density gradient is larger near the droplet surface than at a position far away from it. The dissolution flux is represented by the distance between the neighboring iso-density lines. In the early state ( Fig. 3a and Fig. 3b ), the dissolution flux near the contact line is smaller than that near the top of the droplet. This is due to the collective effect introduced by neighboring droplets [17] and in our case is an effect of the periodic boundary conditions in the horizontal directions. In the later stage ( Fig. 3c and Fig. 3d) when the contact angle is much smaller than 90 • , the dissolution flux diverges towards the contact line, which is consistent with the theoretical prediction of Popov [15] . In addition, the density gradient at the top of the system stays almost constant during the dissolution.
This indicates that the effect of the curved droplet surface on the density distribution in the far field is negligible if the thickness of liquid layer L z is much larger than the droplet height h 0 , L z h 0 .
In Fig. 4 we show the simulation data (symbols) of the droplet height versus time for different system heights Lz = 74 (triangles), 144 (circles), 288 (diamonds), and 576 (squares), respectively. We note that the multicomponent model of Shan and Chen suffers from spurious vaporisation effects once the diameter of the droplets becomes ≈ 5 − 10 lattice units. To avoid the effect of the spurious vaporisation on the analysis and to ensure a sufficient resolu- Next, we investigate the dissolution of a droplet in constant angle (CA) mode. The substrate has a uniform wettability and the droplet keeps its contact angle of 90 • during the dissolution. In Fig. 5 we show the variation of the density distribution of liquid 1 during dissolution for a system size of 256 × 256 × 288. Equivalent to the CR mode, the density distributes uniformly along the horizontal direction in the far field, whereas it is strongly affected by the curved droplet surface in the near field of the droplet. The density gradient increases when approaching the droplet surface. Again, the collective effect introduced by neighboring droplets on the density gradient is observed in the earlier stages ( Fig. 5a and Fig. 5b ). This collective effect become weaker when the droplet radius deceases (Fig. 5c) (i.e., the inter-spacing between neighboring droplets increases), which is consistent with experimental results [17] . In the very late stage (Fig. 5d ), the density gradient and thus the dissolution flux is uniform along the droplet surface, which is in agreement with the theoretical prediction of the evaporation flux along the surface of a droplet with 90 • contact angle [15] .
In Fig. 6 lifetime.
In Fig. 7 , we compare the lifetime T of the dissolving surface droplet with increasing the layer thickness L z for both CR (circles) and CA (diamonds) modes. The dashed lines represent fitted linear functions. We reiterate that the time zero in our measured lifetime corresponds to a moment after the density gradient is fully developed in the system and the droplet maximal height just begins to decrease. The results demonstrate that the lifetime of the dissolving surface droplet is strongly dependent on the thickness of the liquid layer L z , i.e. it increases approximately linearly with increasing height L z for both CR and CA mode.
In the following we propose a theoretical model for taking into account the effect of the layer thickness of the surrounding liquid on the lifetime of a dissolving surface droplet. We consider surface droplets of liquid 1 sitting on a substrate covered by liquid 2 of thickness L z , as illustrated in Fig. 1 . The droplets are uniformly distributed on the substrate with center to center distance L and are of identical size with initial maximum height h 0 , and initial radius of the contact line R 0 . We assume that the droplet is surface tension dominated and thus adheres the shape of a spherical cap.
Assuming a diffusion dominated dissolution and the buoyancy-driven convection being negligible, the density of liquid 1 follows a quasi-static diffusion equation
In the case of L z h, we can assume that the density of the droplet liquid along the horizontal direction far away from the droplet surface is homogeneous. Furthermore, we can assume that the density varies linearly along the z direction so that we can write the dissolution flux approximately as
in which ρ 1 s is the saturation density of liquid 1 near the droplet surface and ρ 1 top is the density of liquid 1 in the ambient air.
With Eq. (13), we obtain the rate of mass of a single droplet released into the ambient air at the top surface as
where L 2 represents the effective area of the top surface for the corresponding single droplet.
Eq. (14) indicates that the rate of mass loss decreases with increasing layer thickness L z , which is consistent with the simulation results indicating that the droplet height has a slower decreasing rate with increasing L z (see Fig. 4 and Fig. 6 ). Moreover, based on Eq. (14), when the layer thickness is fixed, the rate of mass loss can be treated as constant during the dissolution process. Thus, the height of the droplet decreases faster when the droplet volume decreases, which agrees qualitatively with the simulation results shown in Fig. 4 and Fig. 6 , i.e. the decreasing rate of the droplet height increases towards the end of the life of the dissolving droplet.
By integrating Eq. (14), we get the time evolution of the droplet mass as
where M 0 is the initial mass of the droplet. From Eq. (15), we can obtain the lifetime of the droplet as
Eq. (16) shows that the dissolution time is proportional to the length L z , which is consistent with our simulation results shown in Fig. 7 .
The total mass of a spherical cap-shaped droplet is
where ρ 1 ma is the density of liquid 1 inside the droplet. In the case of the droplet being dissolved in CA mode (R = R 0 ), we obtain the time derivative of the total mass from Eq. (17) as
By comparing Eq. (18) and Eq. (14), we reach
Eq. 19 is solved numerically using a 4th-order Runge-Kutta algorithm and compared to the simulation results in Fig. 4 If the droplet dissolves in the CA mode (θ = θ a ), we can write its total mass as
and then we obtain the time derivative of mass as
By comparing Eq. (21) with Eq. (14), we get
If the contact angle of the droplet is θ a = 90 • , Eq. (22) is simplified to
In Fig. 6 we again compare the theoretical analysis Eq. (23) with simulation results for different layer thicknesses L z = 72, 144, 288, 576. As in the previous case, our theoretical model agrees qualitatively with the simulation results for all the systems and we obtain quantitative agreement with simulation results for very thick liquid layers, i.e. L z = 576
The good agreement between the theoretical model and our simulation results for both CR and CA modes indicates that the limiting diffusion process is at the top interface and the dynamics of the contact line of the droplet can be neglected for predicting the lifetime of dissolving surface droplet if L z h 0 . The theoretical model performs worse when the droplet dissolves in CA instead of in CR mode. A possible explanation is that our model is valid in the limit of densely distributed droplets on the substrate L/2R 0 ≈ 1 and it does not consider the variation of the distance between neighboring droplets. In CR mode, the distance of neighboring droplets keeps constant, whereas it increases in CA mode. This increase weakens the collective effect and induces a sharp non-linear decrease of the density around the droplet surface (Fig. 5d ). The latter is less accurately described by the dissolution flux equation (Eq. (13) ) assuming a linear density gradient. We note that our lattice Boltzmann simulations recover the unsteady diffusion equation. Therefore, the good agreement between our simulation results and our theoretical model also indicates that the quasistatic diffusion assumption is valid for L z h 0 .
IV. CONCLUSION
In this work we demonstrated that the thickness of the liquid layer surrounding immersed and dissolving surface droplets strongly influences the lifetime of the droplets. This holds if the density gradient of the droplet liquid is fully developed in the surrounding liquid. We 
